Scaling in flavor neutrino masses Mij (i, j=e, µ, τ ) can be described by two angles: θSC and the atmospheric neutrino mixing angle θ23. For A=cos 2 θSC + sin 2 θSCt 4 23 and B=cos 2 θSC − sin 2 θSCt 2 23 , where t23 = tan θ23, our scaling ansatz dictates that Miτ /Miµ = −κit23 (i=e, µ, τ ) with κe=1, κµ=B/A and κτ =1/B and leads to the vanishing reactor neutrino mixing angle θ13 = 0. This generalized scaling is naturally realized in seesaw textures. To obtain θ13 = 0 as required by the recent experimental results, we introduce breaking terms of scaling ansatz, which are taken to keep Mµτ /Mµµ = −κµt23 intact even at θ13 = 0. We derive relations that connect CP violating phases with phases of flavor neutrino masses, which are found to be numerically supported. The angle θSC is observed to be 0.91 sin 2 θSC 0.93 for the normal mass hierarchy and sin 2 θSC 0.33 for the inverted mass hierarchy. Also observed is the size of |Mee| to be measured in neutrinoless double beta decay, which is 0.001-0.004 eV (0.02 eV-0.05 eV) in the normal (inverted) mass hierarchy.
INTRODUCTION
Three flavor neutrinos ν e,µ,τ are mixed into three massive neutrinos ν 1,2,3 during their flight. The result of these mixings have been observed as the phenomena of neutrino oscillations [1] . Various experiments have detected the ν µ -ν τ mixing via the atmospheric and accelerator neutrino oscillations [2, 3] , the ν e -ν µ mixing via the solar and reactor neutrino oscillations [4] [5] [6] and the ν e -ν τ mixing via the reactor neutrino oscillation [7] . All these oscillations have indicated that neutrinos have extremely small masses much smaller than the electron mass [8, 9] . Since the nonvanishing ν e -ν τ mixing has been observed to occur, Dirac CP-violation is expected to cause sizable effects in neutrino mixings. Effects of CP-violation can be described by phases of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) unitary matrix U P MN S [1] , which converts ν 1,2,3 into ν e,µ,τ . Namely, U P MN S has three phases, one CPviolating Dirac phase δ and two CP-violating Majorana phases φ 2,3 [10] and is given by U P MN S = U 0 ν K 0 [11] with 
where c ij = cos θ ij and s ij = sin θ ij and θ ij represents a ν i -ν j mixing angle (i, j=1,2,3) . The experimental observation of the parameters in U 0 ν for the normal mass hierarchy [8] Since the generalized scaling rule is derived as a solution to Eqs. (5) and (6), its seesaw version can also be found as their solution. The conditions Eqs. (5) and (6) are, respectively, converted into
To see the definition of θ SC in terms of seesaw textures, it is sufficient to use a 1 = 0 as one of the solutions to Eqs. (14) and (15) . The generalized scaling anzatz is recovered by the following two types of solutions consisting of (a) a 3 = −t 23 a 2 or (b) a 3 = a 2 /t 23 provided that a 1 = b 3 + t 23 b 2 = c 3 + t 23 c 2 = 0. The type (a) solution corresponds to
from which Eq.(10) yields
On the other hand, the type (b) solution corresponds to
where arg a 2 3
should be fulfilled. There are other similar solutions such as those involving b 1 = 0 or c 1 = 0 instead of a 1 = 0. Therefore, the origin of θ SC is linked to the existence of two types of solutions to Eqs. (14) and (15) , which are either a 3 = a 2 /t 23 or x 3 = −t 23 x 2 (x = b, c), ensuring θ 13 = 0, and tells us that sin 2 θ SC ∝ a 
where ϕ i (i = 1, 2, 3) are three Majorana phases giving φ 2,3 = ϕ 2,3 − ϕ 1 and
It is obvious that m 3 = 0 for sin 2 θ SC = 0. The original scaling ansatz [19] is, thus, recovered by sin
which excludes the case with cos 2 θ SC = 0.
III. MINIMAL BREAKING AND CP-VIOLATION
To discuss Dirac CP-violation, we have to obtain θ 13 = 0 and include breaking terms of the general scaling anzatz. Considering Eqs. (5) and (6), we introduce the following breaking terms supplied by
which parameterize a neutrino mass matrix M ν as follows:
with
These breaking terms always generate the nonvanishing θ 13 and necessarily induce Dirac CP-violation. It should be noted that there are other breakings that satisfy Eq.(6). The nonvanishing θ 13 cannot be induced by this type of breakings, which can be parameterized by
where
It turns out that the contribution to δM τ τ from ∆M µτ,τ τ vanishes. As long as the breaking terms are restricted to be δM eτ,τ τ , we are implicitly assuming that ∆M µτ = 0. The breaking due to δM eτ,τ τ only can be regarded as a minimal one because the other breaking due to ∆M µτ,τ τ is not included. It is understood that
• the minimal breaking is the breaking that requires ∆M µτ = 0.
Because of this requirement, Eq. (10) still defines θ SC even if
To see what the implicit condition ∆M µτ = 0 suggests on the current argument, we use the diagonal mass matrix
P MN S and find that one of the neutrino masses, which is taken to be m 2 , is determined as follows: 
where η is an arbitrary phase, which is reduced to 
leading to A ≈ B that requires that sin 2 θ SC ≈ 0. Now, we are ready to discuss effects of CP-violation based on M scaling . 
whose denominator turns out to be −c 2 12 /t 23 +(terms proportional to s 13 ) for cos 2 θ SC ≈ 0, which suggests that ϕ 2 ≈ ϕ 3 leading to
If θ 
(b) For the inverted mass hierarchy, when m 3 = 0, Eq.(30) do not yield any positive results for Majorana phases because they depend on δ, whose contribution varies with sin 2 θ SC contained in B/A. For sin 2 θ SC = 0, we obtain thatm
which suggests that ϕ 2 ≈ ϕ 1 leading to φ 2 ≈ 0. If θ 13 = 0, ϕ 1,2 can be calculated. The requirement of m 3 = 0 yields m = M µµ in Eq. (21) . The simplest cases arem 1 ≈m 2 andm 1 ≈ −m 2 . Form 1 ≈m 2 ,
should be realized at sin 2 θ SC ≈ 0 as suggested from Eq.(38) andm 1 ≈ M ee andm 2 ≈ M µµ /c 2 23 are derived while, form 1 ≈ −m 2 ,
which should be realized at sin 
2. CP-violating Dirac phase δ has been estimated to be [22] :
where an extra π should be added for c , which is converted into
When conditions that realize the appropriate mass hierarchy are taken into account, Eq.(43) can be further simplified as follows:
(a) For the normal mass hierarchy, since |M µµ | ≫ |M ee,eµ |, Eq. (43) is reduced to
(b) For the inverted mass hierarchy, since A ≈ B, Eq. (43) is reduced to
It will be demonstrated that the simplified forms of δ, Eqs. (44) and (45), numerically well reproduce actual values of δ.
These predictions are checked against numerical analysis.
IV. NUMERICAL CALCULATIONS
We have performed numerical calculations to estimate sizes of CP-violating phases and to discuss their possible correlations with other quantities. The parameters used are -|δM τ τ | is well suppressed to confirm the validity of Eq. (44) and |δM eτ | ∼ 0.01 eV (FIG.1 (a) );
-|δ| → π as sin 2 θ SC reaches smaller values (FIG.2 (a) ); (FIG.2 (b) and (c));
-φ 2 and φ 3 exhibit no correlation with δ (FIG.3 (a) and (b));
-arg M * µµ δM eτ is almost identical to δ (FIG.3 (c) ); (FIG.4 (a) and (b)).
• For the inverted mass hierarchy, where sin 2 θ SC 0.33 (FIG.5) ,
-|δM eτ | and |δM τ τ | are comparable and combined contributions amount to 0.01-0.02 eV (FIG.1 (b) );
-|δ| (|φ 2 |) is larger than π/2 for sin 2 θ SC 0.1 (sin 2 θ SC 0.15) and tends to be larger as sin 2 θ SC gets larger (FIG.5 (a),(b) ); * |δ| π/2 for sin 2 θ SC 0.1 (FIG.5 (a) -φ 2 is scattered around the straight line of φ 2 = δ/4 for |δ| π/2 while φ 2 = 0, π for |δ| ≈ π (FIG.6 (a) );
-ϕ 1 is scattered around the line ϕ 1 = − arg (M ee ) (FIG.7 (a) ) while ϕ 2 is scattered around the line
-|φ 2 | ∝ |M eµ |, where φ 2 is located around 0 leading to m 1 e −iϕ1 ≈ m 2 e −iϕ2 if |M eµ | is suppressed while φ 2 is located around ±π leading to m 1 e −iϕ1 ≈ −m 2 e −iϕ2 if |M eµ | is enhanced (FIG.7 (c) );
Some of these results of Majorana phases can be explained by the predictions made at sin θ 13 = 0:
• For the normal mass hierarchy with m 1 = 0, 
we obtain thatm 1 ≈m 2 leading to φ 2 ≈ 0 when |M eµ | is suppressed and thatm 1 ≈ −m 2 leading to φ 2 ≈ ±π when |M eµ | is enhanced. Then, we observe that
• φ 2 ≈ 0 for the suppressed |M eµ |;
• φ 2 ≈ ±π for the enhanced |M eµ |.
and both cases are smoothly connected as indicated by FIG.7 (c) . Finally, we plot |M ee | to be measured by neutrinoless double beta decay [23] as a function of sin 2 θ SC in FIG.8 . In the normal mass hierarchy, |M ee | should be suppressed to yield the suppressed m 1 and is estimated to be 0.001 eV-0.004 eV. On the other hand, in the inverted mass hierarchy, since |M ee | reflects the size of m 1,2 of order O( ∆m 2 atm ), we expect that |M ee | ≈0.05 eV. In FIG.8 (b) , |M ee | is estimated to be 0.02 − 0.05 eV. It seems that |M ee | is scattered around the line of |M ee | = 0.055 − 0.11 sin 
V. SUMMARY AND DISCUSSIONS
In summary, we have proposed the generalized scaling anzatz for flavor neutrino masses, which dictates that
with (κ e , κ µ , κ τ )= (1 
To induce θ 13 = 0, the breaking terms δM eτ for M eτ and δM τ τ for M τ τ should be included. When these breaking terms are minimal ones that necessarily induce θ 13 = 0 and Dirac CP-violation, the constraint of M µτ + Bt 23 M µµ /A = 0 is satisfied. At the same time, this constraint ensures that the definition of θ SC is valid even at θ 13 = 0. We have found that
• CP-violating Dirac phase can be estimated to be δ ≈ arg M * µµ δM eτ for the normal mass hierarchy and to be δ ≈ arg (M ee δM * eτ − t 23 M eµ δM * τ τ ) + π for the inverted mass hierarchy;
• CP-violating Majorana phases can be estimated from ϕ 2 ≈ ϕ 3 ≈ − arg (M µµ ) for the normal mass hierarchy and from ϕ 1 ≈ − arg (M ee ) and ϕ 2 ≈ − arg (M µµ ) for the inverted mass hierarchy.
The predictions of (a) ϕ1 as a function of Mee, (b) ϕ2 as a function of Mµµ and (b) |Meµ| as a function of φ2(= ϕ2 − ϕ1) for the inverted mass hierarchy. From the numerical calculation, where the lightest neutrino mass is taken to be 0.001 eV, we have observed that the approximate scaling anzatz describes the normal mass hierarchy for 0.91 sin 2 θ SC 0.93 and the inverted mass hierarchy for sin 2 θ SC 0.33 and that breaking terms of the general scaling anzatz are estimated to be at most around O(0.01) eV. The effective mass to be measured in neutrinoless double beta decay |M ee | is found to be 0.001-0.004 eV (0.02 eV-0.05 eV) in the normal (inverted) mass hierarchy. The following numerical properties are also found:
• For the normal mass hierarchy, -|δ| tends to be smaller as sin 2 θ SC gets larger while |φ 2,3 | tends to be larger as sin 2 θ SC gets larger;
-there is no correlation between δ and φ 2,3 .
• For the inverted mass hierarchy, -|δ| is larger than π/2 for sin 2 θ SC 0.1 while |φ 2 | is larger than π/2 for sin 2 θ SC 0.15 and both tend to be larger as sin 2 θ SC gets larger;
-there is a clear correlation between δ and φ 2 that shows φ 2 is scattered around the straight line of φ 2 = δ/4 for |δ| π/2 while φ 2 = 0, π for |δ| ≈ π;
-the proportionality of |φ 2 | ∝ |M eµ | symbolizes the behavior of |φ 2 |;
-|M ee | is scattered around the line of |M ee | = 0.055 − 0.11 sin 2 θ SC [eV] .
Since the generalized scaling anzatz is compatible with the seesaw mechanism, we may discuss the creation of the baryon asymmetry of the Universe via the leptogenesis [24] considering results of the generalized scaling anzatz. This subject will be discussed elsewhere [25] .
